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 17 

Non-Abelian topological insulator, arising from non-Abelian gauge field, not only 18 

links to particle physics and the strong and weak forces of nature, but also creates 19 

coveted topological phenomena with remarkable properties. Although significant 20 

efforts have been made for developing artificial non-Abelian gauge fields, few of 21 

them applied to momentum space to realize non-Abelian topological insulators. 22 

Here, we propose a scheme to create artificial SU(2) gauge fields in phononic 23 

crystals. By implement this scheme to a non-Abelian Hofstadter model, we 24 

overcome the challenge of constructing an analog of non-Abelian magnetic field in 25 

momentum space that open nontrivial band gaps. We experimentally realize and 26 

observe such non-Abelian topological insulating phase in a phononic crystal. 27 

Furthermore, we experimentally investigate the spin rotation and flipping 28 
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phenomena of non-Abelian topological boundary states along a specific plane of 29 

the Bloch sphere, which are linked to the signatures of the underlying non-Abelian 30 

gauge field. Our work not only opens the door to the realization and 31 

characterization of non-Abelian topological insulator, but also provides a 32 

reconfigurable platform for exploring non-Abelian physics in classical system. 33 

 34 

Artificial gauge fields create topological physics with extraordinary topological states 35 

that forms the backbone of many anti-interference information transmission and device 36 

designs [1,2]. Such artificial gauge fields, known as Berry curvature in topological 37 

physics, can be understood through the Abelian (commutative) or non-Abelian (non-38 

commutative) properties of the correlation groups. Since the discovery of topological 39 

physics in condensed matter systems, most topological systems have been built on 40 

mimicking the interaction between electrons and U(1) gauge fields, following the 41 

Abelian properties of electromagnetism. So far, great success has been achieved in 42 

creating novel topological phases of matter in broader systems without intrinsic 43 

electronic properties, such as cold atoms [3,4], photonic systems [5,6] and acoustic 44 

systems [7–13], by constructing artificial Abelian gauge fields in lattice structures. 45 

Some novel topological phases, such as the quadrupole topological insulator protected 46 

by momentum-space nonsymmorphic symmetries, have been successfully realized 47 

using artificial Abelian gauge fields [14]. The fanatical pursuit of such topological 48 

phases and phenomena is due to the fact that besides their clear links to 49 

electromagnetism, there are more practical motivations: the robustness properties of 50 

topological systems are expected to revolutionize traditional devices.  51 

In contrast, non-Abelian topology remains relatively underexplored, though it is 52 

attracting growing attention due to its potential to significantly expand the theoretical 53 

frameworks and phenomena of topological physics [15–21]. In nature, non-Abelian 54 

gauge fields, mediating more complex strong and weak interactions, require more 55 

internal states and non-commutative matrix-valued gauge potentials. They have been 56 
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artificially constructed in various experimental platforms such as cold atoms [22], 57 

optics [23–25] and circuits [26–28], with the rapid progress in the design and 58 

implementation of artificial gauge fields. A series of extraordinary physical phenomena 59 

induced by artificial non-Abelian gauge fields, such as non-Abelian holonomies [29,30], 60 

non-Abelian Aharonov-Bohm effect [26,31], non-Abelian topological order [32] and 61 

Yang monopoles [33,34], have been found experimentally. However, these previously 62 

realized non-Abelian gauge fields are not analogs of magnetic fields in momentum 63 

space, namely Berry curvature, which lies at the heart of topological physics. Thus, they 64 

cannot open non-trivial band gaps and realize a non-Abelian topological insulator. 65 

Recently, theoretical schemes have been proposed to realize non-Abelian topological 66 

insulators by engineering non-Abelian artificial gauge fields in lattice systems to 67 

construct non-Abelian magnetic Brillouin zones  [35–38]. However, the experimental 68 

realization of non-Abelian topological insulators and their topological phenomena 69 

remain elusive due to the need for complex matrix couplings and non-Abelian magnetic 70 

Brillouin zones. 71 

In this letter, we develop a scheme to create artificial SU(2) gauge fields in phononic 72 

crystals, where layer degrees of freedom are employed to implement complex matrix-73 

valued couplings. We realize a non-Abelian topological insulator in a phononic crystal 74 

by implementing this scheme in a non-Abelian Hofstadter model, which constructs a 75 

non-Abelian magnetic Brillouin zone and open nontrivial topological gaps. We 76 

experimentally observed a pair of boundary states with opposite spins in the narrow 77 

topological gap, induced by an artificial SU(2) gauge field in momentum space. We 78 

further characterized their properties, including spin rotation and flipping along a 79 

specific plane of the Bloch sphere, which bear the unique signature of the non-Abelian 80 

gauge field. 81 

Tight-binding model for acoustic non-Abelian topological insulator 82 

Two key elements are required for us to realize a non-Abelian topological insulator: 83 

artificial SU(2) lattice gauge fields and analogs of non-Abelian magnetic fields that 84 
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induce non-trivial energy gaps. Starting with the tight-binding model, we present a 85 

scheme to equivalently create complex matrix couplings corresponding to the elements 86 

of the SU(2) matrix group, as shown in Fig. 1(a). We introduce layer degrees of freedom 87 

as the pseudospin denoted by ,↑ ↓ . The other two pseudospin copies (lowercase and 88 

uppercase letters) are used to construct equivalent conjugate imaginary couplings. In 89 

the basis T( , , , , , , , )a a A A b b B B↑ ↓ ↑ ↓ ↑ ↓ ↑ ↓
, the link variables Uµ ( , ,x y zµ = ), consist of 90 

purely real couplings, intralayer couplings 0t  and interlayer couplings 1,2,3t  (positive 91 

in red, negative in blue), as shown in the upper panel of Fig. 1(a). By applying a unitary 92 

transformation 2 2

2 2

I [1, i] I1
I [1, i] I2

S
⊗ ⊗ 

=  ⊗ − ⊗ 
 , the basis is converted to a new one 93 

T( i , i )+ −  , which spans two decoupled conjugate subspaces, 94 

i ( i , i , i , i ) 2a A a A b B b B↑ ↑ ↓ ↓ ↑ ↑ ↓ ↓+ = + + + +  and i i ∗− = + , as shown in the lower 95 

panel of Fig. 1(a). Each subspace provides link variables Vµ  between adjacent lattice 96 

sites, where ii i( ) e , ( ) e , ( ) eyx z
x y zV V Vθσωσ φσω θ φ−− −= = =   are the elements of SU(2) matrix 97 

group. 1 0arctan( )t tω =  , 2 0arctan( )t tθ =   and 3 0arctan( )t tφ =   correspond to half 98 

of the rotation angle of the Bloch sphere along the xσ , yσ , zσ  axes, respectively. By 99 

tuning the ratios 1,2,3 0t t , arbitrary artificial SU(2) gauge fields can be achieved.  100 

We select two types of the matrix couplings yU  and zU  to construct non-Abelian 101 

magnetic field analogs in non-Abelian Hofstadter models. The tight-binding model in 102 

Fig. 1(b) yields the Hamiltonian: 103 
† †

1, , , 1 ,
,

( , ) ( ) ( ) H.c.x m n y m n y m n z m n
m n

H t a U n a t a U m aθ φ θ φ+ += − + − +∑ ,           (1) 104 

where T

, , , , , , , , ,, , ,m n m n m n m n m na a a A A↑ ↓ ↑ ↓
 =    is the annihilation operator at the ( , )m n  site. 105 

xt   ( yt  ) represents the hopping amplitude along the x (y) direction, which is set to 106 
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1x yt t= = −  unless otherwise noted. Through a similar unitary transformation, we derive 107 

the non-Abelian Hofstadter model with link variables yV  and zV  in i+  subspace, as 108 

shown in Fig. 1(c). This model describes two-dimensional spin-1/2 particles on a square 109 

lattice under an artificial SU(2) ‘magnetic field’. Hamiltonian details are provided in 110 

Supplemental Material Sec. I [42].  111 

To investigate the properties of this non-Abelian Hofstadter model, we only need to 112 

consider the Hamiltonian in i+  subspace, which reads: 113 

† †
1, , , 1 ,

,
( , ) ( ) ( ) H.c.x m n y m n y m n z m n

m n
h t a V n a t a V m aθ φ θ φ+ += − + − +∑ ,               (2) 114 

i( ) e yn
yV n θσθ −=   and ie  ( ) zm

zV m φσφ− =   represent gradient-varying link variables 115 

applied in x and y directions, respectively. The link variable ( )zV mφ− , acting as the 116 

intrinsic spin-orbit coupling, provides opposite fluxes φ±  for each spin sector. 117 

Whereas, ( )yV nθ  resembles Rashba-type spin-orbit coupling, which mixes the spin 118 

components. Two types of link variables conspire to yield the artificial SU(2) gauge 119 

field, with gauge potential given as ( , ,0)y zn mθσ φσ= −A  . Here, 2π p qθ θθ =   and 120 

2π p qφ φφ =  are effective flux penetrating the unit cell normal to x and y directions, 121 

respectively, with integers , , ,p q p qθ θ φ φ  . The model in Fig. 1(c) adopts a q qφ θ×  122 

magnetic unit cell and its magnetic Brillouin zone is defined as [0, 2π )xk qφ∈  , 123 

[0,2π )yk qθ∈  . Two non-commuting link variables jointly drive the artificial gauge 124 

field into the non-Abelian regime for most parameters ( ),θ φ . However, it reduces to 125 

the Abelian regime at certain specific parameter values, i.e. { }0,θ π∈ , { }0,φ π∈ , 126 

or { } { }, 2 , 3 2θ φ π π∈ . The relevant magnetic-field effects and their nature can be 127 

detected by the Wilson loop (see End Matter for details). 128 

Acoustic implementation for a non-Abelian topological insulator 129 
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We now consider a phononic crystal implementation of a non-Abelian topological 130 

insulator induced by the artificial SU(2) gauge fields. We employ two link variables, 131 

(π 2)yU  and ( 4π 3)zU − , as examples to present the key components for constructing 132 

acoustic SU(2) gauge fields, as illustrated in Figs. 2(a) and 2(b). Each site consists of 133 

four layers of cuboid acoustic cavities (height 0 45h =  mm, width 10w =  mm), serving 134 

as artificial atoms with an onsite frequency 0 3830f =  Hz. By adjusting the position 135 

and diameter of the intralayer and interlayer tubes, the sign (positive in red, negative in 136 

blue) and strength of the couplings can be precisely controlled, respectively. For 137 

(π 2)yU  , only interlayer tubes with diameter 1 3.6d =   mm exist, corresponding to a 138 

coupling strength of 106 Hz and / 2θ π= . For ( 4π 3)zU − , intralayer ( 2 1.9d =  mm) 139 

and interlayer ( 3 3.2d =  mm) tubes yield the coupling strength of -53 Hz and 92 Hz, 140 

respectively, with their ratio yielding 4 / 3φ π= − . These acoustic link variables agree 141 

well with the tight-binding model (Supplemental Material Sec. II [42]). By fine-tuning 142 

the coupling ratio, arbitrary artificial SU(2) gauge fields can be achieved. Based on the 143 

tight-binding model, we develop the acoustic Hofstadter model, where the link 144 

variables ( )yU θ   and ( )zU φ   vary with gradients along the x and y directions, 145 

respectively. We take ( ) )(, π 2π 3θ φ = ，   and ( ) )(, π 2 2π 3θ φ = ，   for the Abelian and 146 

non-Abelian cases, as shown in Figs. 2(c) and 2(d). Their unit cell size is ma na× , 147 

where m (n) is the site along the x (y) direction and 32a = mm is the distance between 148 

adjacent sites. The two cases differ in the flux θ π=  adopted in the Abelian case, where 149 

all x-direction link variables, (2 )yU π  and ( )yU π , reduce to the identity matrix and 150 

commute with y-direction link variables. Consequently, the Wilson loop (accumulated 151 

phase along a closed path) around each plaquette becomes Abelian, driving the system 152 

into the Abelian regime. In non-Abelian cases, x- and y-direction link variables remain 153 

non-commuting, keeping Wilson loop non-Abelian. The Hamiltonians and structural 154 
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details are provided in Supplemental Material Secs. III and IV [42], respectively. 155 

Each subspace hosts a total of 2m n× ×   bulk bands, which are m n×   Kramers 156 

partners. Since the system exhibits chiral symmetry for even q qθ φ , the simulated bulk 157 

bands of the Abelian and non-Abelian cases symmetric around ‘zero energy’, resulting 158 

in the double Dirac points (purple spheres) at ‘zero energy’ frequency, as shown in Figs. 159 

2(e) and 2(f), respectively. Under an Abelian gauge field, multiple topologically 160 

nontrivial band gaps emerge, corresponding to the quantum spin Hall effect (QSHE). 161 

For the non-Abelian case, the SU(2) gauge field opens multiple more complex and 162 

narrower band gaps, indicating a non-Abelian topological insulator with richer 163 

topological properties beyond the QSHE. Such artificial non-Abelian gauge fields in 164 

momentum space, known as the non-Abelian Berry curvature, induces nontrivial non-165 

Abelian topology, which is expressed as: 166 

i ,xy x y y x x yA A A A± ± ± ± ± = ∂ − ∂ −  F .                                    (3) 167 

Here, i ( ) ( )mn m k nk kφ φ± = ± ∇ ±A   is the non-Abelian Berry connection and iφ±  168 

represent the Bloch states below the i-th gap of the q qφ θ×   unit cell. For the non-169 

Abelian case , 0x yA A± ±  ≠   , the non-Abelian Berry curvature, which takes the same 170 

form as the Yang-Mills gauge field strength [39], can be interpreted as an analog of the 171 

non-Abelian magnetic field. The topological invariants, labeled in right of the bulk 172 

bands, are captured by integrating the non-Abelian Berry curvature (Supplemental 173 

Material Sec. V [42]). Beyond the band structure, the non-Abelian Hofstadter butterfly 174 

spectrum reveals a more complex fractal structure with narrow topological gaps, 175 

distinct from the Abelian counterpart (see End Matter). 176 

Non-Abelian boundary states with spin-rotation characteristics 177 

To demonstrate the topological properties of the boundary states induced by artificial 178 

non-Abelian gauge fields, we 3D-printed acoustic Abelian and non-Abelian topological 179 

insulator samples. Boundary states are excited by four per-layer acoustic sources at the 180 

hard boundary, with amplitude and phase controlled independently via power amplifiers 181 



8 
 

and phase shifters. Sound pressure fields are measured by sequentially placing a 182 

subwavelength microphone into each boundary cavity, with sound signals recorded 183 

using an oscilloscope. Samples and experimental details are given in the End Matter. 184 

Figure 3 presents the measured boundary states within the lowest energy gap along the 185 

y-boundary. For the Abelian topological insulator, the measured projected band 186 

dispersions (colormaps) agree well with simulations, as shown in Fig. 3(a). The 187 

simulated helical boundary states and bulk states are denoted by dashed lines and gray 188 

regions, respectively. By projecting the boundary states extracted from experiments and 189 

simulations onto the Bloch sphere, we find that the spin of the boundary state lies along 190 

the zσ  direction of the Bloch sphere, as shown in Fig. 3(b). The Abelian topological 191 

boundary states exhibit the QSHE, in which pure spin-up and spin-down states 192 

experience opposite magnetic fluxes and propagate helically along the boundaries in 193 

opposite directions. In contrast, the non-Abelian case involves spin interactions related 194 

to the non-Abelian gauge field, yielding narrower gaps and distinct boundary state 195 

properties. The measured and simulated projected band dispersions are presented in Fig. 196 

3(c). The boundary states with given k  values are projected onto the Bloch sphere, as 197 

shown in Fig. 3(d). The spin projections of non-Abelian boundary states lie on a specific 198 

plane y zσ σ−  within the Bloch sphere rather than along a certain axis as in the Abelian 199 

case. Furthermore, as yk  varies, the spin polarizations of non-Abelian helical boundary 200 

states exhibit a spin-rotation behavior near the plane y zσ σ− . Owing to time-reversal 201 

symmetry, the helical boundary states at opposite k are mutually orthogonal, marked in 202 

red and blue. The spin-rotation characteristics of the non-Abelian boundary states also 203 

remain robust against perturbations (Supplemental Material Sec. VIII [42]). The spin-204 

rotation behavior along a specific plane arises from the chosen non-Abelian gauge 205 

potential ( , ,0)y zn mθσ φσ= −A . In the symmetric gauge, adopting other Pauli matrix 206 

combinations in A   shift the spin-rotation plane, while other topological features 207 

remain unchanged (Supplemental Material Sec. IX [42]). The spin-rotation angle can 208 
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be adjusted by modifying the boundaries (Supplemental Material Sec. X [42]). Thus, 209 

beyond inheriting the helical transmission of Abelian boundary states, the non-Abelian 210 

boundary states further manifest non-Abelian gauge field effects through spin 211 

interactions. The measured Abelian and non-Abelian boundary states along the x 212 

direction are given in the Supplemental Material Sec. XI [42]. 213 

Spin flipping in non-Abelian boundary states 214 

To further verify the spin interaction under artificial non-Abelian gauge fields, we 215 

experimentally investigate the spin flipping of non-Abelian boundary states through an 216 

H-shaped phononic crystal with four channels. Figure 4(a) schematizes the H-shaped 217 

structure, consisting of two non-Abelian topological insulator blocks connected by a 218 

narrow bridge (Supplemental Material Sec. XII [42]). Channels 1-4 support y-direction 219 

boundary states shown in Fig. 3(c). In a uniform periodic structure, the spin polarization 220 

of non-Abelian boundary states is position-independent and does not flip along a single 221 

channel. However, when the structure is bent into an H-shaped structure, the spin 222 

interactions between the boundary waves propagating along the upper and lower sides 223 

of the narrow bridge become activated, inducing boundary state spin flipping. Exciting 224 

a boundary state projected onto the upper half of the Bloch sphere in channel 1 (green 225 

star) allows transmission only to channels 2 and 3 (red arrows), while transmission to 226 

channel 4 requires the state flipping to its orthogonal spin-projected counterpart (blue 227 

arrow). Figure 4(b) presents the simulated transmission at 3564 Hz. Spin flipping 228 

oscillates periodically with the narrow-bridge length mL  , which modulates the 229 

interference phase difference between transmitted and reflected waves propagating 230 

along the bridge [40,41]. For 2mL a= , the simulated and experimental top-layer sound 231 

field distributions are plotted in Figs. 4(c) and 4(d), respectively, confirming wave 232 

transmission from channel 1 to channel 4. Sound pressure responses of each layer at 233 

the four channels are measured and projected into spin space, directly revealing spin-234 

flipping behavior in Figs. 4(e) and 4(f). Sound waves with upper Bloch-sphere spin 235 

projection preserve their spin in channels 2 and 3, yet flip to an orthogonal state in 236 
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channel 4. This spin-flipping process occurs on the plane y zσ σ−  (blue plane), arising 237 

from the spin interactions induced by the non-Abelian gauge fields. Tuning the spin 238 

interactions within the H‑shaped waveguide enables spin manipulation and acoustic 239 

beam splitting (Supplemental Material XIII [42]). 240 

Conclusion 241 

We have developed a scheme to construct artificial SU(2) gauge fields in spinless 242 

system, which can realize a non-Abelian topological insulator in a phononic crystal. In 243 

addition, we have experimentally observed the features of boundary states in the non-244 

Abelian topological insulator, including spin rotation and flipping along a specific plane 245 

of the Bloch sphere, which exhibit the signatures of the underlying non-Abelian gauge 246 

field. This work implies two fundamental aspects that differ from earlier works on 247 

artificial non-Abelian gauge fields. Firstly, we propose a novel scheme for constructing 248 

artificial SU(2) gauge fields in spinless systems by utilizing layer degrees of freedom. 249 

Secondly, we realize and characterize a non-Abelian topological insulator induced by 250 

artificial SU(2) gauge fields for the first time. This scheme provides a reliable approach 251 

for exploring non-Abelian physics in classical systems. Our results are expected to 252 

stimulate broad interest in expanding the theoretical frameworks and exploring the 253 

phenomena of topological physics. 254 
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 392 
Fig. 1 Implementation of artificial SU(2) gauge fields. (a) Tight-binding model for 393 

creating arbitrary artificial SU(2) gauge fields. (b) Non-Abelian Hofstadter model 394 

realized through purely real couplings. (c) Non-Abelian Hofstadter model with 395 

complex matrix couplings in the i+  subspace. 396 

  397 
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 398 
Fig. 2 Acoustic topological insulators induced by artificial Abelian and non-399 

Abelian gauge fields. Acoustic implementation of link variables (a) (π 2)yU  and (b) 400 

( 4π 3)zU −  . Acoustic crystals for (c) Abelian ( ) ( ), π, 2π 3θ φ =   and (d) non-Abelian 401 

( ) ( ), π 2,2π 3θ φ =  Hofstadter models. The gray and green loops denote Abelian and 402 

non-Abelian Wilson loop, respectively. Bulk band dispersions for (e) Abelian and (f) 403 

non-Abelian topological insulators.  404 
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 405 
Fig. 3 Acoustic Abelian and non-Abelian boundary states. (a) Measured dispersions 406 

of a pair of y-direction helical boundary states, and (b) their spin projections for Abelian 407 

case. (c) Measured dispersions of a pair of helical boundary states, and (d) their spin 408 

projections with spin-rotation characteristics for non-Abelian case. 409 
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 410 
Fig. 4 Spin flipping in an H-shaped non-Abelian acoustic crystal. (a) Schematic of 411 

the H-shaped structure. mL   is the bridge length. (b) Simulated transmission from 412 

channel 1 to channel 2, 3 and 4 with different mL . (c) Simulated and (d) measured 413 

acoustic field distributions for 2mL a=  . (e) Simulated and (f) measured spin 414 

polarization of the transmission fields extracted from the four channels. 415 

End Matter 416 

Wilson loop ------ The magnetic-field effect of the non-Abelian Hofstadter model can 417 

be obtained by tracking the accumulated phase along a closed loop C of a square 418 

plaquette. Such phase, known as non-Abelian holonomy, is obtained by evaluating the 419 

Wilson loop ( ), expm n C
i d= ⋅∫W A r   counterclockwise around the plaquette, starting 420 

from its lower-left corner site ( , )m n=r . From the commutation relations of the Wilson 421 

loops, one can identify the nature of the artificial gauge fields [3,35]. In general, the 422 

Wilson loop satisfies , ,, 0m n m n′ ′  ≠ W W  for m m′≠ and n n′≠ , which indicates a non-423 
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Abelian magnetic flux in the plaquette. However, when the values of ( ),θ φ   cause 424 

Wilson loop to satisfy , ,, 0m n m n′ ′  = W W , the gauge field reduces to an Abelian case. Its 425 

Wilson loop is 
i

, i

0
0m n

e
e

α

α−

 
=  
 

W , indicating that different spins experience opposite 426 

magnetic fluxes α  in the plaquette. From the commutation property of the Wilson loop, 427 

we can verify the nature of the gauge field constructed by the non‑Abelian Hofstadter 428 

model: it remains predominantly non‑Abelian for most parameter values ( ),θ φ , but 429 

reduces to an Abelian one at certain special parameter values, i.e. { }0,θ π∈  ,430 

{ }0,φ π∈ , or { } { }, 2 , 3 2θ φ π π∈  [3,35]. 431 

 432 

Fig. 5 Acoustic Abelian and non-Abelian Hofstadter butterflies. (a), (b) Acoustic 433 

Hofstadter butterflies as a function of φ   for Abelian and non-Abelian cases, 434 

respectively. (c), (d) The simulated acoustic transmission spectra for Abelian and non-435 

Abelian cases, respectively. 436 

Acoustic Hofstadter butterfly spectrum------By fixing   θ π=  and   / 2θ π=  , we 437 

design a series of acoustic unit cells (see details in Supplemental Material Sec. VI [42]), 438 
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where flux φ   is tuned from 0 to 2  π   in discrete steps of   / 6π   by precisely 439 

engineering the coupling strength, corresponding to the artificial Abelian and non-440 

Abelian cases, respectively. For the Abelian case, the eigenfrequency spectrum as a 441 

function of the flux φ  is plotted in Fig. 5(a). The black and blue dots represent the 442 

results from tight-binding model and simulations, respectively. The detailed parameters 443 

for tight-binding model are provided in Supplemental Material Sec. VII [42]. The 444 

fractal shape corresponding to the Abelian Hofstadter butterfly of QSHE, which 445 

describes spin-1/2 electrons in a uniform strong magnetic field with different strengths. 446 

Owing to the time-reversal symmetry and spin conservation, the two spin spaces 447 

decouple into two time-reversed copies of the Hofstadter butterfly. For the non-Abelian 448 

case, the butterfly spectrum exhibits more complex fractal features with a set of narrow 449 

nested gaps, as shown in Fig. 5(b). Compared with the Abelian case, the non-Abelian 450 

magnetic field exerts a significant influence on the fractal characteristics and multi-451 

energy gap structure of the butterfly spectrum. The values of θ  and φ  corresponding 452 

to the blue and red stars are adopted in the experiments.  453 

Furthermore, the transmission of the butterfly spectrum also reveals distinct 454 

differences between the two fractal structures. Finite acoustic structures with the size 455 

of 12 12a a×  are used to numerically simulate the transmission spectrum. Using full-456 

wave simulations, we excite each finite acoustic structure at the bottom boundary and 457 

extract the transmitted acoustic pressure at the top boundary. We record the simulated 458 

transmission spectrum as a function of flux φ   under different gauge fields. In the 459 

Abelian gauge fields, the simulated transmission spectra (colormaps) of the Hofstadter 460 

acoustic crystals are shown in Fig. 5(c). As expected, the transmission spectra clearly 461 

reveal the characteristic outline of the Abelian Hofstadter butterfly (black dots). In the 462 

non-Abelian gauge fields, the simulated transmission spectra reproduce a more 463 

complex nested fractal structure of the non-Abelian Hofstadter butterfly, as shown in 464 

Fig. 5(d). The simulated transmission spectra of the Hofstadter acoustic crystals are in 465 
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good agreement with the theoretical results, demonstrating that this design method is 466 

effective for exploring artificial non-Abelian gauge fields in spinless systems. 467 

Experiments------Abelian and non-Abelian acoustic samples are fabricated via 3D 468 

printing using UV resin, as shown in Figs. 6(a) and 6(b), respectively. For the Abelian 469 

topological insulator, the truncated y- and x-boundaries along the x and y directions are 470 

located at link variables (2π)zU  and (π)yU , respectively; for non-Abelian topological 471 

insulator, they are located at (2π)zU  and (π 2)yU , respectively, as represented by the 472 

red boxes. Acoustic signals are generated by a B&K network analyzer (B&K Type 473 

3160), then split into four channels, with their amplitudes independently controlled by 474 

power amplifiers and their phases independently adjusted using phase shifters. Four 475 

balanced armature speakers (Knowles WBFK30095) are placed at the hard boundary, 476 

one in each layer, as sound sources. A sub-wavelength microphone probe (B&K Type 477 

4961) is used to probe the pressure response, and the pressure signals are recorded by 478 

an oscilloscope (RIGOL HDO4204). To measure the projected band dispersions along 479 

the xk  and yk  directions, the sound sources are placed at the x- and y-boundaries of the 480 

samples depicted in Figs. 6(a) and 6(b). To probe the boundary states with 0xk >  481 

( 0xk < ), the sound sources are placed on the left (right) sides of the x boundary in each 482 

layer. Similarly, to measure the boundary states with 0yk >   ( 0yk <  ), the sound 483 

sources are placed on the lower (upper) of the y-boundary in each layer. The sound 484 

pressure field ( , )L mψ ω  at each frequency along x- or y-boundary can be obtained by 485 

measuring the sound pressure in each cavity layer by layer along the boundary, where 486 

m denotes the site of the L-th layer along the x or y direction. The sound pressure 487 

response ( , )mϕ ω±   in the subspace i±   can be obtained through a unitary 488 

transformation T
1( ( , ), ( , )) ( , )m m S mϕ ω ϕ ω ω+ − = ψ  , where 1 2

1 i1 I
1 i2

S  
= ⊗ − 

  and 489 
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T
1 2 3 4( , ) ( ( , ), ( , ), ( , ), ( , ))m m m m mω ψ ω ψ ω ψ ω ψ ω=ψ  . Here, we focus on a single 490 

subspace i+ . The projected band dispersions are obtained by applying fast Fourier 491 

transformation to the sound pressure field distributions ( , )mϕ ω+  , yielding the 492 

momentum-space fields ( , ), ,k x yµϕ ω µ+ =  . For a given wave vector kµ  , the spin 493 

polarizations of the helical boundary states along the x or y directions are derived by 494 

projecting them onto the Bloch sphere ( , ) ( , )k kα µ α µσ ϕ ω σ ϕ ω+ += . The acoustic 495 

pressure field distributions of the H-shaped structure in Fig. 4(d) are measured by 496 

placing sound sources at the position denoted as a green star in Fig. 4(a). The acoustic 497 

pressure in each cavity on the top layer is then measured sequentially using the 498 

microphone probe. 499 

 500 

Fig. 6 Abelian and non-Abelian acoustic samples. Photographs of (a) the Abelian 501 

and (b) non-Abelian topological insulator samples. The yellow box highlights a unit 502 

cell. 503 


