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Merging bound states in the continuum in the geometrical parameter space
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Optical resonators can support bound states in the continuum (BICs) with infinite quality (Q) factors by
eliminating radiation losses. However, practical optical resonators only support quasi-BICs with finite Q factors
due to the scattering losses caused by inevitable fabrication defects. Merging multiple BICs in momentum space
can improve the Q factors of resonators over a broad wavevector range. The dependence of a resonator on
high-precision nanofabrication can also be decreased by improving the robustness of the Q factors of quasi-BICs
against asymmetric structural parameters, which is much easier to realize high Q factors. Here, we propose
an efficient method to merge multiple BICs in the geometrical parameter space by engineering a folded mode
induced by Brillouin zone folding. Along with the topological charge evolution process in momentum space,
this approach significantly improves the robustness of the Q factor of resonators against perturbations caused
by geometric symmetry breaking and wavevector. Compared with fundamental isolated BICs, the merged
BICs are more immune to structural disorders. Our approach provides a path to achieve robust ultrahigh-Q
resonances, which holds immense potential in enhancing quantum and nonlinear effects, as well as improving
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the performance of optical sensors and nanolasers.
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I. INTRODUCTION

Optical resonators, which can confine light in ultralong
radiative lifetime are desirable for many nanophotonic ap-
plications [1,2]. Over the last few decades, a variety of
mechanisms have been utilized to enhance light confinement,
including total internal reflections (TIRs) and bound states
in the continuum (BICs) [3,4]. Different from the guided
modes, which are bound states and perfect trapped to the
resonators due to TIRs, BICs reside inside the continuum
but counterintuitively appear infinite radiation lifetime. In real
optical systems, a true BIC with infinite O factor is unob-
servable in the far-field condition and behave zero-resonance
linewidth on the scattered spectrum. By contrast, the quasi-
BICs with ultrahigh- and finite Q factors are utilized to
enhance light-matter couplings since they provide effective
radiation channels to be coupled to free space. Benefit from
significantly enhanced light confinement, optical quasi-BICs
have shown tremendous advantages in many applications,
which allows nanolasers with lower thresholds and better
performance [5-10], nonlinear devices with higher conver-
sion efficiencies [11,12], optical modulators to be faster and
smaller [13,14], biosensors to be more sensitive and compact
[15-17], and enhanced quantum optical effects [18,19]. These
applications are almost universal in various optical systems,
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such as optical waveguides and fibers, dielectric photonic
crystals, optomechanical crystal, and metasurfaces [20-23].
Among the different types of BICs, symmetry-protected BICs,
which originate from the symmetry mismatch between the
external excitation modes and eigenmode profiles of the con-
cerned systems, exist widely in various periodic extended
structures [3,21,23,24]. Symmetry-protected quasi-BICs can
be easily constructed by finely tuning the wavevectors or
asymmetric geometrical parameters of the concerned systems
that involve the brokens of the in-plane inversion symmetry
when the systems exhibit a reflection or rotational symmetry
[3]. The Q factors of the fundamental symmetry-protected
quasi-BICs obey the scaling law Q o 1/a* or Q o 1/k?,
where « is the geometrical perturbation factor and k is the
wavevector that show how strong the perturbation of the ideal
structure is [24]. This fundamental inverse-square scaling law
results in that the Q factors of quasi-BICs are very sensitive to
distortions of symmetry breaking. Furthermore, in practical
nanofabrication, the radiative loss caused by the inevitable
fabrication defects further limit the Q factors that resonators
can reach. As a result, above-mentioned limitations bring
higher sample fabrication requirements to achieve ultrahigh-Q
resonances in the experiment.

Recently, merging multiple BICs in momentum space pro-
vide an effective method to improve the robustness of BICs
against fabrication defects by promoting the Q factors over
a wide wavevector range [25-29]. These merging-BIC ap-
proaches are based on the mechanism of topological charge
conservation since a BIC correspond to the vortex center
of the polarization vector distribution of far-field radiation,

©2024 American Physical Society


https://orcid.org/0000-0003-4193-4531
https://orcid.org/0000-0002-7898-4148
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.109.115109&domain=pdf&date_stamp=2024-03-05
https://doi.org/10.1103/PhysRevB.109.115109

SHIWANG YU et al.

PHYSICAL REVIEW B 109, 115109 (2024)

which carry an integer topological charge [30]. The merged
BICs show a pronounced improvement of robustness of Q
factors with an improved scaling rule from Q o 1/k to Q
1/k® [25,26]. When merging multiple BICs with high-order
topological charges, the scaling laws can be promoted to
Q0 o« 1/k8 [27]. By further combing the merged BICs with
photonic band-gap mirrors to simultaneously forbit transverse
and vertical leakages, an optical cavity with ultrahigh Q fac-
tors and ultrasmall model volumes can be constructed [28].
The mechanism of merging BICs in momentum space ad-
vances the realization of extremely low-threshold nanolasers
and ultrasensitive chemical sensing [6-9,31]. Meanwhile, re-
cent advancements have demonstrated that the impact of
structural perturbations on the Q factors of quasi-BICs can
be mitigated through the utilization of customized out-of-
plane architectures or by reducing the symmetry of certain
resonators [32,33]. These two design strategies reduce the
dependence of the high-Q optical resonators on highly pre-
cise nanofabrication technique to some extent. However, they
are limited to improve the robustness of Q factors against
asymmetric geometrical factors and will lead to the reduced
resonance efficiency. Hence, it would be of great significance
to promote the robustness of the Q factors of BICs with
respect to wavevector (k) and geometrical asymmetric factors
(ov) simultaneously.

Here, we demonstrate that the merging of BICs in the
geometrical parameter space can produce robust high Q-factor
resonances over broad geometrical asymmetric factor (o)
and wavevector (k) ranges. One-dimensional (1D) and two-
dimensional (2D) photonic crystal slabs (PCSs) are utilized
to validate our scheme. By inducing gap-perturbed periodic
symmetry breaking (o # 0), the guided mode at the X point
below the light line can be folded to the I' point above the
light line to form symmetry-protected BICs. The multiple
BICs at different o can gradually approach the artificial BIC
state at o« = 0 by simply varying the thickness of the PCS,
eventually forming a merged BIC. The merged BIC state
facilitates an evolution of the scaling rules of the Q factors
from Q o 1/a? to Q o 1/ab, which significantly improves
the robustness of the Q factors against periodic symmetry
breaking. Interestingly, the realized merged BICs is accom-
panied by the merging of two BICs in momentum space.
Supercell simulations with disorder further prove that the Q
factor of the merged BIC shows stronger tolerance on both
fabrication defects and the wavevector. Our scheme is efficient
for the realization of ultrahigh-Q resonances and it is expected
to be extended various periodic photonic systems to enhance
light-matter couplings.

II. DESIGNS OF THE 1D PCS WITH
SYMMETRY-PROTECTED BICs

The 1D PCS, as illustrated in Fig. 1(a), is designed to
achieve and analyze the merging of BICs in the geometrical
parameter space. It consists of high refractive index «-Si
grating fingers (n = 3.48) surrounded by uniform background
medium with low refractive index (n = 1.46). The designed
1D PCS is infinitely long in the y direction and the width of the
grating fingers is fixed as w = 190 nm. The other structural
parameters used in simulation are p = 350 nm, g = 350 nm,
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FIG. 1. Brillouin zone folding induced ultrahigh-Q guided reso-
nances. (a) Schematic of the designed 1D PCS. (b) The left panel
shows the simulated TE band dispersion diagrams of the original
and perturbed slabs, which are plotted with dotted and solid lines
respectively. Their Q factors are shown in the right panel, marked
with hollow circles with thinner and thicker edge thickness respec-
tively. The inset in the left panel shows the original and folded first
Brillouin zone. The black arrows represent the band folding process.
The shaded gray, white, and yellow areas represent the domain be-
low the light line, zero-order, and higher-order radiation domains,
respectively. (c) Calculated modal electric field profile E, of the 1D
PCS for the folded band TE,, as marked with black circle at the I
point in (b).

and & = 544 nm. All the simulation results are acquired by
using finite element method. A more detailed description of
numerical simulations is provided in Appendix.

When the gap size g between two adjacent grating fingers
is equal to the period p of the original unit cell, the 1D PCS
corresponds to an unperturbed 1D high-contrast grating. By
displacing the grating fingers (g # p), the gap sizes between
adjacent grating fingers are unequal, resulting in the peri-
odic symmetry breaking. The gap perturbation produces a
period-doubling 2p in the x direction. As a result, those modes
previously at the edge of the first Brillouin zone (X point) now
appear at the I point, which known as Brillouin zone folding
[34-37]. The Brillouin zone folding causes the guided modes
at the X point (k, = 7 /p) below the light line to be shifted
to the I" point (k, = 0) above the light line, enabling modes
coupled to the far field. The simulated transverse electric (TE)
band diagram and the corresponding calculated Q factors of
the original and perturbed 1D PCS are shown in Fig. 1(b).
Here, we focus on the TE, band shown as blue lines. The
calculated Q factors of the folded TE, band showcase that a
symmetry-protected BIC is formed at the I point, enabling
ultrahigh Q factors over a broad wavevector range. The sharp
drop in Q factors for larger wavevectors (|k,| = 0.11z /p) is
due to the fact that the modes are located in the higher-order
radiation domain. The simulated modal profile of the TE,
mode at the I' point in multiple periods is shown in Fig. 1(c).
The electric field distribution with antiphase and the same am-
plitude over every two adjacent gaps represents a nonradiative
mode, in which the destructive interference in the far-field
region results in the strong suppression of radiation losses.
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FIG. 2. Merging BICs in the geometrical parameter space based
BICs with the variation of the perturbation factor & and the thickness

on the folded TE, mode. (a) The Q-factor evolution of the realized
of 1D PCS. Calculated (b) Q factors and (c) far-field polarization state

distributions in momentum space at # = 544 nm (H;) and 549.4 nm (H,) for « = 0.03125. The red (blue) ellipse denotes the left (right)-handed

elliptic polarizations with different major axis orientations. (d) Simul

ated Q factors (scatter diagrams) and the corresponding fitting curves

(solid lines) as a function of the perturbation factor  when the slab thickness 7 = 544 nm (H;, red), & = 549.4 nm (H,, blue), and 4 = 600 nm
(H3, green). (e) The evolution of Q factors with the variation of the wavevector k, at different thicknesses for « = 0.03125.

III. MERGING OF BICs IN THE GEOMETRICAL
PARAMETER SPACE

The merging of BICs can be observed in the geometrical
parameter space consisting of asymmetric factor o and the
thickness £ of the 1D PCS, as shown in Fig. 2(a). The asym-
metric factor « is defined as o = (g — p)/(p — w), which
represents the change of the transverse displacement of the
grating finger relative to the original gap size. It should
be noted that when o = 0 (g = p), the BIC states actually
stem from the guided mode, which can be dubbed artificial
BICs [36-38]. The artificial BICs always exist for o = 0.
Meanwhile, two accidental BICs occur when o # 0 and the
thickness 4 is relatively small. The asymmetric factors « as-
sociated with the two accidental BICs exhibit equal absolute
values and correspond to the same structural pattern, which
are ensured by the presence of structural translational symme-
try. With the increase of the thickness #, two accidental BICs
gradually approach the artificial BIC at « = 0. Ultimately, a
merged BIC state occurs at # = 549.4 nm and exhibits ultra-
high Q factors over a broad asymmetry geometrical parameter

range, which shows a similar evolution trend with the typical
merging multiple BICs in momentum space [25-27].

We further analyze the Q-factor distributions in momen-
tum space nearby the « = 0 (o = 0.0325) at the premerging
(Hi, h =544 nm) and merging (H,, & = 549.4 nm) quasi-
BIC states. As shown in Fig. 2(b), the merged quasi-BIC
maintain higher Q-factor distributions nearby the I" point over
a broader momentum space range; the Q-factor distribution
of premerging quasi-BIC state showcases two ultrahigh-Q
accidental quasi-BICs in the positive and negative k, direction
and lower Q factors at the I" point. These results indicate that
the merging of BICs in the geometrical parameter space is ac-
companied by the merging of two BICs in momentum space.
To reveal the topological nature of these BICs, we further an-
alyze the polarization state distributions of far-field radiation
in momentum space. A BIC is a singular point that corre-
sponds to the vortex center of the polarization distribution
of far-field radiation and carries an integer topological charge
[30]. The topological charge is defined g = % 9§c dk - Vio(k),
where C is a closed loop in momentum space surround-
ing the vortex center in a counterclockwise direction. Here,
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FIG. 3. Robustness of the merged BICs against fabrication disorder in both the geometrical parameter and momentum spaces for the 1D
PCS. (a) Diagram of the unit cell of the designed structure, where the grey represents the ideal «-Si grating fingers and the dashed red boxes
represents the disordered PCS. (b) The Q-factor evolution of the designed BICs with the variation of the asymmetric factor o at different
thicknesses by applying disorder (k, = 0). (c) The Q-factor evolution of the designed BICs with the variation of the k, at different thicknesses
by applying disorder (o« = 0.125). All the simulations were performed in a 15 x 2p supercell arranged along the x direction and extend

infinitely in the y direction.

ok) = %arg[Sl (k) + 1S, (k)] is the angle of polarization vec-
tor at wavevector k and S; is the Stokes parameter of the far
field polarization vector [30,39]. As shown in Fig. 2(c), the
calculated far-field polarization distributions at H; and H,
showcase that polarization vortex centers are formed at the
BIC point. When & = 544 nm (left panel, H ), two off-I" BICs
occurs at the k, axis, which carry the same +1 topological
charge. When the height is increased to # = 549.4 nm (right
panel, Hy), the two BICs merge at the I point and form a
symmetry-protected BIC with a 42 topological charge. But
this at-I" symmetry-protected BIC is not stable and a further
increase in height 4 causes the 42 topological charge BIC at
the I' point to split into two off-I" BICs with 41 topological
charge at the k, axis [30,40]. Hence, it is the topological
charge evolution process determined by the charge conserva-
tion that makes the Q factors of the merged BICs more robust
in momentum space.

The distributions of Q factors with respect to the asym-
metric factor o at three different grating finger heights are
extracted from Fig. 2(a) to characterize the scaling properties
of the Q factors of the BICs in the geometrical parameter
space, as shown in Fig. 2(d). When the accidental BICs and
symmetry-protected BIC coexist at 7 = 544 nm, which can be
dubbed as pre-merging BIC state, the Q factor vary roughly as
Q o 1/[a*(a — apic)*(a + apic)?]. As the height increases
to h = 549.4 nm, the Q factors of the merged BIC decay as
Q o 1/a®. With a further increase in height &, the Q fac-
tor of the after-merging isolated BIC (4 = 600 nm) follows
the scaling rule Q o 1/a?. Compared to the premerging and
isolated BIC approximately follow the fundamental inverse-
square scaling law in the vicinity of o = 0, the Q factor of
the merged BIC are orders of magnitude higher than these
two scenarios. It is worth noting that the isolated BIC men-
tioned here is actually an ultrahigh-Q guided mode, not a real
isolated BIC. Since it is located in the center of two off-I"
BICs in the k, direction, it has a finite ultrahigh Q factor that
follows the same scaling rules as the typical isolated BICs
[24,25,30,40]. Figure 2(e) shows the Q factor distributions in
the k, direction at corresponding three different thicknesses 4
when « = 0.03125 (g = 355 nm). The evolution of Q factors

at three different thicknesses show similar trend as those with
respect to «, which prove that our proposed merging-BIC
design can significantly improve the robustness of the Q factor
against the perturbations from geometrical symmetry break-
ing and wavevector.

In practical nanofabrication, the Q factors of BICs of fab-
ricated samples always have large deviations from the ideal
designed ones due to the structural disorder introduced by
the inevitable fabrication defects. The structural disorder can
introduce coupling between radiation modes at adjacent k
points, thereby reducing the Q factors of practically realizable
quasi-BICs. To validate the robustness of the merging-BIC
design on fabrication errors, a 1D PCS composed of 15 x 2p
supercell with structural disorder in the x direction and ex-
tend infinitely in the y direction is studied. Two types of
structural perturbations are considered in this paper, which
are the fluctuations of the center positions (Ax) and widths
(Aw) of the grating fingers, as shown in Fig. 3(a). Accord-
ing to the typical fabrication process precision, the errors
Ax and Aw are set to fluctuate randomly from the ideal
design with 1 nm standard deviation [41,42]. Figure 3(b)
shows the calculated Q factors of the premerging, merging,
and isolated quasi-BICs with the variation of asymmetric
factor «. The Q factor of the merged quasi-BIC showcase a
significant improvement of more than one order of magni-
tude for the large o compared to the standard isolated-BIC
design, which is attributed to the improved scaling laws
of Q factors with respect to «. The premerged BIC also
shows robust ultrahigh-Q resonances due to the broad merg-
ing ranges when considering structural disorder or finite-size
effect [6,25]. A similar enhancement effect of Q factor also
occurs in momentum space, as validated by Fig. 3(c). These
results prove that our merging-BIC design can considerably
promote the robustness of the Q factor in both the geo-
metrical parameter and momentum dimensions. The dips in
Q-factor distribution at larger o and k points are caused by
the coupling with other low-Q modes [35]. Taking the dip at
h =600 nm and o = 0.125 as an example [Fig. 3(b), green
line], the folded modes nearby the TE, mode at the I" point
occur due to the supercell with periodic boundaries, and the
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FIG. 4. Merging multiple BICs in the geometrical parameter space based on a 2D PCS. (a) Schematic of the unit cell of the designed 2D
PCS. (b) Simulated TE-like band diagram of the perturbed PCS at # = 431.2 nm. The inset shows a magnification of the resonance avoided
crossing behavior due to mode coupling. (c) The calculated field profile H, of the mode A at the I point. (d) Calculated Q-factor distributions
in the (o, o) geometrical parameter space at 1 = 445 nm (left) and 2 = 431.2 nm (right) at the I" point. (¢) The Q-factor evolution of mode
A in momentum space at & = 380 nm, & = 431.2 nm and & = 445 nm, where o, = «, = 0.05 marked with the green pentagrams in panel (d).

couplings between the modes lead to the dip in the Q-factor
distribution.

Although our design scheme is initially proposed in a 1D
PCS system, the effect of merging multiple BICs in the geo-
metrical parameter space can be generalized to other artificial
nanostructures, such as 2D PCS and asymmetric metasurfaces
[34,43]. We designed a 2D PCS as an example to prove
the universality of our proposed scheme. As illustrated in
Fig. 4(a), the designed PCS consists of «-Si slab with etched
circular holes whose refractive index (n = 1.46) is the same
as the uniform background. The structural parameters used
in simulation are a = 400 nm and r = 100 nm. The gap dis-
tances between adjacent holes in the x and y directions are
defined as d, and d,. The period of the PCS is 2a when the
d, and d, are not equal to the original structural period a. As
a result, the guide mode is folded into the continuum above
the light line. Similar to the asymmetry factor « of the 1D
perturbed PCS, we define o, = (dy — a)/(a — 2r) and o), =
(dy — a)/(a — 2r) to represent the symmetry breaking of the
2D PCS. Figure 4(b) show the simulated TE-like band dia-
gram of the perturbed PCS at &7 = 431.2 nm. Here, we focus
on the mode A shown as red-dashed lines that is degenerated
with mode B at the I" point. The calculated magnetic field H,
of the mode A at the I point, as shown in Fig. 4(c), exhibits
even symmetry and behaves as symmetry-protected BICs
due to its incompatible symmetry with the radiating state,
whose electromagnetic field vector is odd under C, operation
[3,44,45]. To illustrate the merging of BICs in the geometrical
parameter space in the 2D PCS, we further calculated the
Q-factor distribution of the mode A with the variation of the
asymmetry factor c, and o, at the I' point when & = 445 nm

and & = 431.2 nm. As shown in Fig. 4(d), the Q-factor distri-
bution form a ring in the (o, o) geometrical parameter space
at h = 445 nm. By decreasing the slab thickness, the high-Q
ring can shrink and merge nearby the , = o, = 0 point at
h = 431.2 nm, thus significantly improving the robustness of
the Q factor against geometrical asymmetric factor. We fur-
ther calculated the Q-factor distributions of the quasi-BICs
in momentum space when o, = o, = 0.05 under three dif-
ferent slab thicknesses, as shown in Fig. 4(e). The merged
quasi-BIC (h = 431.2 nm) present ultrahigh Q factors over a
large wavevector range nearby the I point and showcase an
increase of more than two orders of magnitude compared to
the premerging (A = 445 nm) and postmerging isolated quasi-
BICs (h = 380 nm). Notice that the Q factor dips at larger
wavevectors are due to the mode coupling between mode A
and mode D [the inset in Fig. 4(b) shows the typical resonance
avoided crossing behavior], which can be further eliminated
by carefully optimizing the structural parameters of the slab.
In line with the designed 1D PCS, the merging-BIC in the
designed 2D PCS enhances the robustness of the Q factor in
both the geometrical parameter and momentum spaces.

IV. CONCLUSIONS

In conclusion, different from the merging of BICs in mo-
mentum space, we have demonstrated merged BICs in the
geometrical parameter space, resulting in robust ultrahigh-Q
resonances over broad asymmetric geometrical parameter and
wavevector ranges simultaneously. 1D and 2D PCSs have
been designed to verify the proposed scheme. The guided
modes in slabs were folded into the continuum to form
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symmetry-protected BICs by merely varying the gap size of
the two adjacent unit cells; multiple BICs in the geometrical
parameter space were merged by adjusting the thickness of the
slabs. The calculated far-field polarization distribution shows
that the merging of BICs in the geometrical parameter space
is accompanied by the topological charge evolution process in
momentum space. Hence, the robustness of the merged BICs
against practical nanofabrication defects has been signifi-
cantly enhanced as verified by structural disorder simulations.
Our approach provides a good candidate for the realization
of ultrahigh-Q resonances, which can be further expanded to
improve the performance of nanolasers and biosensors.
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APPENDIX: NUMERICAL SIMULATION DETAILS

All the numerical simulation results were conducted us-
ing the commercial software COMSOL Multiphysics. The
band structures and Q factors were calculated based on the

eigenfrequency solver. The simulation of 1D PCS was con-
ducted by employing a 2D model. In the calculated model,
periodic (Floquet) boundary conditions were applied in the x
direction of the unit cell and perfectly matched layers were
set in the z direction. The maximum element sizes of the
mesh in Si and background were set as 27.8 nm and 53 nm,
respectively. In the analysis of robustness of the merged BICs
against fabrication disorder, the simulations were conducted
with a 15 x 2p supercell, and the obtained results represent
averaged values from five repeated simulations with different
random perturbations. The considered perturbations Ax and
Aw are set to fluctuate randomly from the ideal design with
1 nm standard deviation. In the specific simulation, random
functions with normal distributions were set and different
random seeds were used to generate random perturbations for
each simulation. The simulation of the 2D PCS was imple-
mented by employing a 3D model with periodic (Floquet)
boundary conditions in the x and y directions and perfectly
matched layers in the z direction. When solve the resonators
with ultrahigh Q factors, the calculated Q factors are very sen-
sitive to the mesh size and computational accuracy. When the
ultrahigh Q factors are insensitive to asymmetric parameters,
the variation of the mesh will lead to random fluctuations in
Q factors while maintaining their elevated values [46]. Thus,
the final Q factors in Fig. 4(d) are determined by averaging
the values from four simulations to reduce the random oscil-
lation in the Q-factor distribution. In each simulation, a mesh
size smaller than one-twentieth of the wavelength was im-
plemented within the structured region to improve simulation
accuracy.
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